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Abstract: We describe a feasible logic Bell-state analysis protocol by employing the logic entan-
glement to be the robust concatenated Greenberger-Horne-Zeilinger (C-GHZ) state. This protocol
only uses polarization beam splitters and half-wave plates, which are available in current experi-
mental technology. We can conveniently identify two of the logic Bell states. This protocol can be
easily generalized to the arbitrary C-GHZ state analysis. We can also distinguish two N-logic-qubit
C-GHZ states. As the previous theory and experiment both showed that the C-GHZ state has
the robustness feature, this logic Bell-state analysis and C-GHZ state analysis may be essential for
linear-optical quantum computation protocols whose building blocks are logic-qubit entangled state.
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Introduction
Quantum entanglement is of vice importance in future quantum communications, quantum computation and some
other quantum information processing procotols [1–5]. For example, quantum teleportation [1], quantum key distribu-
tion (QKD) [2], quantum secret sharing (QSS) [3], quantum secure direct communication (QSDC) [4, 5] and quantum
repeater [6, 7] all require the entanglement to set up the quantum channel. For an optical system, the photonic
entanglement is usually encoded in the polarization degree of freedom. Besides the polarization entanglement, there
are some other types of entanglement, such as the hybrid entanglement [8–11], in which the entanglement is between
different degrees of freedom of a photon pair. The photon pair can also entangle in more than one degree of freedom,
which is called the hyperentanglement [12–16]. Both the hybrid entanglement and the hyperentanglement have been
widely used in quantum information processing [17–22].
Different from the entanglement encoded in the physical qubit directly, logic-qubit entanglement encodes the single
physical quantum state which contains many physical qubits in a logic quantum qubit. Logic-qubit entanglement
has been discussed in both theory and experiment. In 2011, Fro¨wis and Du¨r described a new kind of logic-qubit
entanglement, which shows similar features as the Greenberger-Horne-Zeilinger (GHZ) state [23]. This logic-qubit
entangled state is named the concatenated GHZ (C-GHZ) state. It is also called the macroscopic Schro¨dinger’s cat
superposed state [24–27]. The C-GHZ state can be written as
|Φ±1 〉N,M =
1√
2
(|GHZ+M 〉⊗N ± |GHZ−M 〉⊗N ). (1)
Here, N is the number of logic qubit and M is the number of physical qubit in each logic qubit, respectively. States
|GHZ±M 〉 are the standard M -photon polarized GHZ states as
|GHZ±M 〉 =
1√
2
(|H〉⊗M ± |V 〉⊗M ), (2)
where |H〉 is the horizonal polarized photon and |V 〉 is the vertical polarized photon, respectively. Fro¨wis and Du¨r
revealed that the C-GHZ state has its natural feature to immune to the noise [23]. Recently, He et al. demonstrated
the first experiment to prepare the C-GHZ state [28]. In their experiment, they prepared a C-GHZ state with M = 2
and N = 3 in an optical system. They also investigated the robustness feature of C-GHZ state under different noisy
models. Their experiment verified that the C-GHZ state can tolerate more bit-flip and phase shift noise than polarized
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2GHZ state. It shows that the C-GHZ state is useful for large-scale fibre-based quantum networks and multipartite
QKD schemes, such as QSS schemes and third-man quantum cryptography [28].
On the other hand, similar to the importance of the controlled-not (CNOT) gate to the standard quantum computa-
tion model, Bell-state analysis plays the key role in the quantum communication. The main quantum communication
branches such as quantum teleportation, QSDC all require the Bell-state analysis. The standard Bell-state analysis
protocol, which utilizes linear optical elements and single-photon measurement can unambiguously discriminate two
Bell-states among all four orthogonal Bell states [29–31]. By exploiting the ancillary states or hyperentanglement,
four polarized Bell states can be improved or be completely distinguished [18, 32, 33]. For example, with the help of
spatial modes entanglement, Walborn et al. described an important approach to realize the polarization Bell-state
analysis [18]. The Bell-state analysis for hyperentanglement were also discussed [20, 34–36]. By employing a logic
qubit in GHZ state, Lee et al. described the Bell-state analysis for the logic-qubit entanglement [37]. The logic
Bell-state analysis with the help of CNOT gate, cross-Kerr nonlinearity and photonic Faraday rotation were also
described [38–40]. Such protocols which based on CNOT gate, cross-Kerr nonlinearity and photonic Faraday rotation
are hard to realize in current experiment condition.
In this paper, we will propose a feasible protocol of logic Bell-state analysis, using only linear optical elements,
such as polarization beam splitter (PBS) and half-wave plate (HWP). Analogy with the polarized Bell-state analysis,
we can unambiguously distinguish two of the four logic Bell states. This approach can be easily generalized to the
arbitrary C-GHZ state analysis. We can also identify two of the N -logic-qubit C-GHZ states. As the logic-qubit
entanglement is more robust than the polarized GHZ state, this protocol may provide a competitive approach in
future quantum information processing.
Results
The basic principle of our protocol is shown in Fig. 1. The four logic Bell states can be described as
|Φ±〉AB = 1√
2
(|φ+〉A|φ+〉B ± |φ−〉A|φ−〉B),
|Ψ±〉AB = 1√
2
(|φ+〉A|φ−〉B ± |φ−〉A|φ+〉B). (3)
Here, |φ±〉 and |ψ±〉 are four polarized Bell states of the form
|φ±〉 = 1√
2
(|H〉|H〉 ± |V 〉|V 〉),
|ψ±〉 = 1√
2
(|H〉|V 〉 ± |V 〉|H〉). (4)
States in Eq. (3) can be regarded as the case of C-GHZ state in Eq. (1) with N =M = 2. From Fig. 1, we first let four
photons pass through four HWPs, respectively. The HWP can make |H〉 → 1√
2
(|H〉+ |V 〉), and |V 〉 → 1√
2
(|H〉−|V 〉).
The HWPs will make the state |φ+〉 do not change, while |φ−〉 become |ψ+〉. Therefore, after passing through four
HWPs, the four logic Bell states can evolve to
|Φ±〉AB → 1√
2
(|φ+〉A|φ+〉B ± |ψ+〉A|ψ+〉B),
|Ψ±〉AB → 1√
2
(|φ+〉A|ψ+〉B ± |ψ+〉A|φ+〉B). (5)
States |Φ±〉AB can be written as
|Φ±〉AB = 1√
2
(|φ+〉A|φ+〉B ± |ψ+〉A|ψ+〉B)
=
1√
2
[
1√
2
(|H〉a1 |H〉a2 + |V 〉a1 |V 〉a2)⊗
1√
2
(|H〉b1 |H〉b2 + |V 〉b1 |V 〉b2)
± 1√
2
(|H〉a1 |V 〉a2 + |V 〉a1 |H〉a2)⊗
1√
2
(|H〉b1 |V 〉b2 + |V 〉b1 |H〉b2)]
=
1
2
√
2
[(|H〉a1 |H〉a2 |H〉b1 |H〉b2 + |H〉a1 |H〉a2 |V 〉b1 |V 〉b2
3FIG. 1: Protocol for logic Bell-state analysis. The QND is the teleportation-based probabilistic quantum nondemolition
measurement with an ancillary entangled photon pair, which is first experimentally demonstrated in the hyperentanglement
Bell-state analysis [21]. An incoming photon can cause a coincidence detection after the beam splitter. Subsequently, it can
herald its presence and meanwhile can faithfully teleport its arbitrary unknown quantum state to a free-flying photon for further
application. The P-BSA is the polarization Bell-state analysis, which can completely distinguish |φ+〉 from |φ−〉. Pol. is the
linear polarizer.
+ |V 〉a1 |V 〉a2 |H〉b1 |H〉b2 + |V 〉a1 |V 〉a2 |V 〉b1 |V 〉b2)
± (|H〉a1 |V 〉a2 |H〉b1 |V 〉b2 + |H〉a1 |V 〉a2 |V 〉b1 |H〉b2
+ |V 〉a1 |H〉a2 |H〉b1 |V 〉b2 + |V 〉a1 |H〉a2 |V 〉b1 |H〉b2)]. (6)
States |Ψ±〉AB can be written as
|Ψ±〉AB = 1√
2
(|φ+〉A|ψ+〉B ± |ψ+〉A|φ+〉B)
=
1√
2
[
1√
2
(|H〉a1 |H〉a2 + |V 〉a1 |V 〉a2)⊗
1√
2
(|H〉b1 |V 〉b2 + |V 〉b1 |H〉b2)
± 1√
2
(|H〉a1 |V 〉a2 + |V 〉a1 |H〉a2)⊗
1√
2
(|H〉b1 |H〉b2 + |V 〉b1 |V 〉b2)]
=
1
2
√
2
[(|H〉a1 |H〉a2 |H〉b1 |V 〉b2 + |H〉a1 |H〉a2 |V 〉b1 |H〉b2
+ |V 〉a1 |V 〉a2 |H〉b1 |V 〉b2 + |V 〉a1 |V 〉a2 |V 〉b1 |H〉b2)
± (|H〉a1 |V 〉a2 |H〉b1 |H〉b2 + |H〉a1 |V 〉a2 |V 〉b1 |V 〉b2
+ |V 〉a1 |H〉a2 |H〉b1 |H〉b2 + |V 〉a1 |H〉a2 |V 〉b1 |V 〉b2)]. (7)
Subsequently, we let four photons pass through the PBS1 and PBS2, respectively. The PBS can fully transmit
the |H〉 polarized photon and reflect the |V 〉 polarized photon, respectively. By selecting the cases where the spatial
modes c1, d1, c2 and d2 all contain one photon, |Φ±〉AB will collapse to
|Φ±〉AB → 1
2
[(|H〉c1 |H〉c2 |H〉d1 |H〉d2 + |V 〉c1 |V 〉c2 |V 〉d1 |V 〉d2)
± (|H〉c1 |V 〉c2 |H〉d1 |V 〉d2 + |V 〉c1 |H〉c2 |V 〉d1 |H〉d2)]
= |φ±〉c1d1 ⊗ |φ±〉c2d2 . (8)
On the other hand, states |Ψ±〉AB cannot make all the spatial modes c1, d1, c2 and d2 contain one photon. For
example, item |H〉a1 |H〉a2 |V 〉b1 |H〉b2 will make spatial mode d1 contain two photons but spatial mode c1 contain no
photon. Item |H〉a1 |V 〉a2 |H〉b1 |H〉b2 will make spatial mode c2 contain two photons, but no photon in the spatial
mode d2.
In order to ensure all the four spatial modes contain one photon, our approach exploits quantum non-demolition
(QND) measurement. It means that a single photon can be observed without being destroyed, and its quantum
4information can be kept. Quantum teleportation is a powerful approach to implement the QND measurement.
Adopting the quantum teleportation to implement the QND measurement for realizing the Bell state analysis was
first discussed in Ref.[21]. It will be detailed in Method Section.
After both successful teleportation, states |Φ±〉AB become |φ±〉e1d1 ⊗ |φ±〉e2d2 , while states |Ψ±〉AB never lead to
both successful teleportation. States |φ±〉 can be easily distinguished with polarization Bell-state analysis (P-BSA)
[42], as shown in Fig. 1. Briefly speaking, we let the four photon pass through two PBSs and four HWPs for a second
time, respectively. After that, state |φ+〉e1d1 ⊗ |φ+〉e2d2 will not change, while state |φ−〉e1d1 ⊗ |φ−〉e2d2 will become
|ψ+〉e1d1 ⊗ |ψ+〉e2d2 . According to the coincidence measurement, we can finally distinguish the states |Φ±〉AB . For
example, if the coincidence measurement result is one of D5D7D9D11, D5D7D10D12, D6D8D9D11 or D6D8D10D12,
the original state must be |Φ+〉AB . On the other hand, if the coincidence measurement result is one of D5D8D9D12,
D5D8D10D11, D6D7D9D12 or D6D7D10D11, it must be |Φ−〉AB . In this way, we can completely distinguish the
states |Φ±〉AB .
In this protocol, each logic qubit is encoded in a polarized Bell state. Actually, if the logic qubit is encoded in a
M -photon GHZ state, we can also discriminate two logic Bell states. The generalized four logic Bell states can be
described as
|Φ±M 〉AB =
1√
2
(|GHZ+M 〉A|GHZ+M 〉B ± |GHZ−M 〉A|GHZ−M 〉B),
|Ψ±M 〉AB =
1√
2
(|GHZ+M 〉A|GHZ−M 〉B ± |GHZ−M 〉A|GHZ+M 〉B). (9)
In order to explain this protocol clearly, we first let M = 3 for simple. If M = 3, the three-photon polarized GHZ
states |GHZ±3 〉 can be written as
|GHZ±3 〉 =
1√
2
(|H〉|H〉|H〉 ± |V 〉|V 〉|V 〉). (10)
After performing the Hadamard operation on each photon, states |Φ±3 〉AB and |Ψ±3 〉AB can be transformed to
|Φ±3 〉AB =
1√
2
(|GHZ+3 〉⊥A |GHZ+3 〉⊥B ± |GHZ−3 〉⊥A|GHZ−3 〉⊥B),
|Ψ±3 〉AB =
1√
2
(|GHZ+3 〉⊥A |GHZ−3 〉⊥B ± |GHZ−3 〉⊥A|GHZ+3 〉⊥B). (11)
Here
|GHZ+3 〉⊥ =
1
2
(|H〉|H〉|H〉 + |H〉|V 〉|V 〉+ |V 〉|H〉|V 〉+ |V 〉|V 〉|H〉),
|GHZ−3 〉⊥ =
1
2
(|H〉|H〉|V 〉+ |H〉|V 〉|H〉+ |V 〉|H〉|H〉+ |V 〉|V 〉|V 〉). (12)
From Eq. (11), after performing the Hadamard operation, compared with the states in Eq. (9), states |Φ±3 〉AB and
|Ψ±3 〉AB have the different form, for the logic qubit encoded in the GHZ state |GHZ±3 〉 cannot be transformed to
another GHZ state, which is quite different from the Bell states. States |Φ±3 〉AB can be rewritten as
|Φ±3 〉AB =
1
4
√
2
[(|H〉a1 |H〉a2 |H〉a3 + |H〉a1 |V 〉a2 |V 〉a3
+ |V 〉a1 |H〉a2 |V 〉a3 + |V 〉a1 |V 〉a2 |H〉a3)
⊗ (|H〉b1 |H〉b2 |H〉b3 + |H〉b1 |V 〉b2 |V 〉b3
+ |V 〉b1 |H〉b2 |V 〉b3 + |V 〉b1 |V 〉b2 |H〉b3)
± (|H〉a1 |H〉a2 |V 〉a3 + |H〉a1 |V 〉a2 |H〉a3
+ |V 〉a1 |H〉a2 |H〉a3 + |V 〉a1 |V 〉a2 |V 〉a3)
⊗ (|H〉b1 |H〉b2 |V 〉b3 + |H〉b1 |V 〉b2 |H〉b3
+ |V 〉b1 |H〉b2 |H〉b3 + |V 〉b1 |V 〉b2 |V 〉b3)]. (13)
From Fig. 1, if the logic qubit is three-photon polarized GHZ state, we should add the same setup in spatial modes
a3 and b3, as it is in a1 and b1. Certainly, we require three QNDs to complete the task. If we pick up the case that
5all the spatial modes c1, d1, c2, d2, c3 and d3 contain one photon, states |Φ±3 〉AB will collapse to
|Φ±3 〉AB →
1
2
√
2
[(|H〉a1 |H〉a2 |H〉a3 |H〉b1 |H〉b2 |H〉b3
+ |H〉a1 |V 〉a2 |V 〉a3 |H〉b1 |V 〉b2 |V 〉b3
+ |V 〉a1 |H〉a2 |V 〉a3 |V 〉b1 |H〉b2 |V 〉b3
+ |V 〉a1 |V 〉a2 |H〉a3 |V 〉b1 |V 〉b2 |H〉b3)
± (|H〉a1 |H〉a2 |V 〉a3 |H〉b1 |H〉b2 |V 〉b3
+ |H〉a1 |V 〉a2 |H〉a3 |H〉b1 |V 〉b2 |H〉b3
+ |V 〉a1 |H〉a2 |H〉a3 |V 〉b1 |H〉b2 |H〉b3
+ |V 〉a1 |V 〉a2 |V 〉a3 |V 〉b1 |V 〉b2 |V 〉b3)]
= |φ±〉a1b1 ⊗ |φ±〉a2b2 ⊗ |φ±〉a3b3 . (14)
In order to complete such task, we require three pairs of polarized entangled states as auxiliary to perform the QND
and coincidence measurement. States |Ψ±3 〉AB never lead to the case that all the spatial modes c1, d1, c2, d2, c3 and
d3 contain one photon, which can be excluded automatically. The next step is also to distinguish the state |φ+〉 from
|φ−〉, which is analogy with the previous description. In this way, we can completely distinguish the state |Φ+3 〉AB
from |Φ−3 〉AB .
Obviously, this approach can be extended to distinguish the logic Bell-state with the logic qubits encoded in theM -
photon GHZ state |GHZ±M 〉, by adding the same setup in the spatial modes a3 and b3, a4 and b4, · · ·, and so on. With
the help of QNDs and coincidence measurement, we can pick up the cases where all the spatial modes c1, d1, c2, d2, · · ·,
cM and dM exactly contain one photon, which make the states |Φ±M 〉AB collapse to |φ±〉a1b1 ⊗ |φ±〉a2b2 · · · |φ±〉aM bM .
Each state |φ±〉 can be distinguished by the P-BSA. In this way, one can distinguish two logic Bell states with each
logic qubit being the arbitrary M -photon GHZ state.
The GHZ state also plays an important role in fundamental tests of quantum mechanics and it exhibits a conflict
with local realism for non-statistical predictions of quantum mechanics [41]. The first polarized GHZ state analysis
was discussed by Pan and Zeilinger [42]. In their protocol, assisted with PBSs and HWPs, they can conveniently
identify two of the three-particle GHZ states. Interestingly, our protocol described above can also be extended to the
C-GHZ state analysis. The C-GHZ state can be described as
|Φ±1 〉N,2 =
1√
2
(|φ+〉⊗N ± |φ−〉⊗N ),
|Φ±2 〉N,2 =
1√
2
(|φ−〉|φ+〉⊗N−1 ± |φ+〉|φ−〉⊗N−1),
· · · ,
|Φ±
2N−1
〉N,2 = 1√
2
(|φ+〉⊗N−1|φ−〉 ± |φ−〉⊗N−1|φ+〉. (15)
We let the logic qubits be the Bell states |φ±〉 and still take N = 3 for example. From Fig. 2, after passing through
the HWPs, the C-GHZ states can be described as
|Φ±1 〉3,2 =
1√
2
(|φ+〉A|φ+〉B |φ+〉C ± |ψ+〉A|ψ+〉B|ψ+〉C),
|Φ±2 〉3,2 =
1√
2
(|ψ+〉A|φ+〉B|φ+〉C ± |φ+〉A|ψ+〉B|ψ+〉C),
|Φ±3 〉3,2 =
1√
2
(|φ+〉A|ψ+〉B|φ+〉C ± |ψ+〉A|φ+〉B|ψ+〉C),
|Φ±4 〉3,2 =
1√
2
(|φ+〉A|φ+〉B |ψ+〉C ± |ψ+〉A|ψ+〉B|φ+〉C). (16)
We let the six photons pass through four PBSs, respectively. If we pick up the cases in which all the spatial modes
d1, e1, f1, d2, e2 and f2 exactly contain one photon, states |Φ±1 〉3,2 will become
|Φ±1 〉3,2 →
1
2
[(|H〉a1 |H〉b1 |H〉c1 |H〉a2 |H〉b2 |H〉c2
+ |V 〉a1 |V 〉b1 |V 〉c1 |V 〉a2 |V 〉b2 |V 〉c2)
6FIG. 2: Protocol for C-GHZ state analysis with N = 3. The QND in the spatial modes d2, e2 and f2 is the same as the QND
in d1, e1 and f1. The P-GSA is the polarized GHZ-state analyzer, which was first described in Ref. [42].
± (|H〉a1 |H〉b1 |H〉c1 |V 〉a2 |V 〉b2 |V 〉c2)
+ |V 〉a1 |V 〉b1 |V 〉c1 |H〉a2 |H〉b2 |H〉c2)]
=
1√
2
(|H〉a1 |H〉b1 |H〉c1 ± |V 〉a1 |V 〉b1 |V 〉c1)
⊗ 1√
2
(|H〉a2 |H〉b2 |H〉c2 ± |V 〉a2 |V 〉b2 |V 〉c2)
= |GHZ±3 〉a1b1c1 ⊗ |GHZ±3 〉a2b2c2 . (17)
In order to complete this task, we also exploit the QNDs. As shown in Fig. 2, we require four QNDs, which are the
same as those in Fig. 1. The QNDs in spatial modes d2, e2 and f2 is the same as those in the spatial modes d1, e1
and f1. From Eq. (17), if all the spatial modes d1, e1, f1, d2, e2 and f2 exactly contain one photon, the initial states
|Φ±1 〉3,2 will collapse to the standard polarized GHZ states |GHZ±3 〉a1b1c1 ⊗ |GHZ±3 〉a2b2c2 . States |GHZ±3 〉 can be
deterministically distinguished by the setup of polarized GHZ-state analysis (P-GSA), as shown in Fig. 2. The P-
GSA was first described in Ref.[42]. Briefly speaking, |GHZ+3 〉a1b1c1 leads to coincidence between detectors D1D3D5,
D1D4D6, D2D3D6 or D2D4D5, and |GHZ−3 〉a1b1c1 leads to coincidence between detectors D2D4D6, D1D4D5, D2D3D5
or D1D3D6. State |GHZ±3 〉a2b2c2 can be distinguished in the same principle. In this way, we can distinguish two
states |Φ±1 〉3,2 from the eight states as described in Eq. (16).
For the N -logic qubit C-GHZ state analysis, this protocol can also work. As shown in Fig. 3, if each logic qubit
is a Bell state, we let the photons in spatial modes a1, b1, · · ·, n1 and a2, b2, · · ·, n2 pass through the N − 1 PBS,
respectively. By using QNDs to ensure each of the spatial modes behind the N − 1 PBSs contains one photon,
it will project the states |Φ±1 〉N,2 to |GHZ±N 〉a1b1···n1 ⊗ |GHZ±N 〉a2b2···n2 , which can be completely distinguished by
P-GSA as described in Ref.[42]. We can also distinguish two C-GHZ states with arbitrary N and M . By adding the
same setup in the spatial modes a3, b3, · · ·, n3, · · ·, am, bm, · · ·, nm, we can project the C-GHZ states to |Φ±1 〉N,M
to |GHZ±N 〉a1b1···n1 ⊗ |GHZ±N〉a2b2···n2 ⊗ · · · ⊗ |GHZ±N 〉ambm···nm , with the help of QNDs. Each pair of N -photon
polarization GHZ states |GHZ±N 〉 can be well distinguished. In this way, we can identify |Φ±1 〉N,M from arbitrary
C-GHZ state completely.
Discussion
So far, we have completely described our logic Bell-state and C-GHZ state analysis. In the logic Bell-state analysis,
we can completely distinguish the states |Φ±〉 from the four logic Bell states. For arbitrary C-GHZ state analysis,
we can also distinguish two states |Φ±1 〉N,M from the arbitrary N -logic-qubit C-GHZ states. It is interesting to
discuss the possible experiment realization. In a practical experiment, one challenge comes from the multi-photon
entanglement, for we require two polarization Bell states as auxiliary and the whole protocol requires eight photons
7FIG. 3: Protocol for C-GHZ state analysis with arbitrary N and M . The QNDs are used to ensure that each spatial mode
contains one photon, which can project the original state to one of the N-photon polarized GHZ states |GHZ±
N
〉. The P-GSA
can distinguish |GHZ±
N
〉 [42].
totally. Fortunately, the eight-photon entanglement has been observed with cascaded entanglement sources [43, 44].
The other challenge is the QND with linear optics [45, 46]. From Fig. 2, the QND exploits Hong-Ou-Mandel
interference [47] between two undistinguishable photons with good spatial, time and spectral. As shown in Ref.[21],
the Hong-Ou Mandel interference of multiple independent photons has been well observed with the visibility is
0.73 ± 0.03. Different from Ref.[21], we are required to prepare two independent pairs of entangled photons at
the same time. This challenge can also be overcome with cascaded entanglement sources, which can synchronized
generate two pairs of polarized entangled photons. This approach has also been realized in previous experimental
quantum teleportation of a two-qubit composite system [48]. The final verification of the Bell-state analysis relies
on the coincidence detection counts of the eight photons, with four photons coming from the QNDs and four coming
from the P-BSA. This technical challenge of very low eight photon coincidence count rate was also overcome in the
previous experiment by using brightness of entangled photons [43, 44]. Finally, let us briefly discuss the total success
probability of this protocol. In a practical experiment, we should both consider the efficiency of the entanglement
source and single-photon detector. Usually, we exploit the spontaneous parametric down-conversion (SPDC) source
to implement the entanglement source [49]. In order to distinguish C-GHZ state withM and N , we require (M −1)N
entanglement sources and [2(M − 1)+M ]N single-photon detectors. Suppose that the efficiency of the SPDC source
is ps. A practical single-photon detector can be regarded as a perfect detection with a loss element in front of it. The
probability of detecting a photon can then be given as pd. Therefor, the total success probability Pt can be written as
Pt = p
(M−1)N
s p
[2(M−1)+M ]N
d . (18)
As point out in Ref.[21], the mean numbers of photon pairs generated per pulse as ps ∼ 0.1. We let high-efficiency
single-photon detectors with pd = 0.9. We calculate the total success probability Pt altered with the M and N . If
M = N = 2, we can obtain Pt ≈ 0.00656. In Fig. 4, the success probability is quite low, if M increases. From
calculation, the imperfect entanglement source will greatly limit the total success probability. This problem can in
principle be eliminated in future by various methods, such as deterministic entangled photons [50].
In conclusion, we have proposed a feasible logic Bell-state analysis protocol. By exploiting the approach of
teleportation-based QND, we can completely distinguish two logic Bell states |Φ±〉 among four logic Bell-states.
This protocol can also be extended to distinguish arbitrary C-GHZ state. We can also identify two C-GHZ states
among 2N C-GHZ states. The biggest advantage of this protocol is that it is based on the linear optics, so that it is
feasible in current experimental technology. As the Bell-state analysis plays a key role in quantum communication,
this protocol may provide an important application in large-scale fibre-based quantum networks and the quantum
communication based on the logic qubit entanglement. Moreover, this protocol may also be useful for linear-optical
quantum computation protocols whose building blocks are GHZ-type states.
8FIG. 4: Schematic of the success probability altered with the physical qubit numberM . Here we let N = 2, 3 and 4, respectively.
Methods
The QND is the key element in this protocol. Here we exploit the quantum teleportation to realize the QND. As
shown in Fig. 1, both the entanglement sources S1 and S2 create a pair of polarized entangled state |φ+〉, respectively.
If the spatial mode c1 only contains a photon, a two-photon coincidence behind the PBS can occur with 50% success
probability to trigger a Bell-state analysis. Meanwhile, both single-photon detectors D1 and D2 register a photon
also means that we can identify |φ+〉 with the success probability of 1/4, which is a successful teleportation. It can
teleport the incoming photon in the spatial mode c1 to a freely propagating photon in the spatial mode e1. On the
other hand, if the spatial mode c1 contains no photon, the two-photon coincidence behind the PBS cannot occur. We
can notice the case and ignore the outgoing photon. Using a QND in one of the arm of the PBS is sufficient. That is
because the conserved total number of eventually registered photons for the case of two photon in spatial mode c1 or
d2 can be eliminated automatically by the final coincidence measurement. In our protocol, the setup of teleportation
can only distinguish one Bell state among the four with the success probability of the QND being 1/4. In this way,
the total success probability of this protocol is 1/4 × 1/4 × 1/2 = 1/32. By introducing a more complicated setup
of teleportation which can distinguish two polarized Bell states among the four [30], the success probability can be
improved to 1/2× 1/2× 1/2 = 1/8 in principle.
[1] Bennett, C. H. et al. Teleporting an unknown quantum state via dual classical and Einstein-Podolsky-Rosen channels.
Phys. Rev. Lett. 70, 1895 (1993).
[2] Ekert, A. K. Quantum cryptography based on Bells theorem. Phys. Rev. Lett. 67, 661 (1991).
[3] Hillery, M., Buz˘ek, V. & Berthiaume, A. Quantum secret sharing. Phys. Rev. A 59, 1829 (1999).
[4] Long, G. L. & Liu, X. S. Theoretically efficient high-capacity quantum-keydistribution scheme. Phys. Rev. A 65, 032302
(2002).
[5] Deng, F. G., Long, G. L. & Liu, X. S. Two-step quantum direct communication protocol using the Einstein-Podolsky-Rosen
pair block. Phys. Rev. A 68, 042317 (2003).
[6] Briegel, H. J., Du¨r, W., Cirac, J. I. & Zoller, P. Quantum repeaters: the role of imperfect local operations in quantum
communication. Phys. Rev. Lett. 81, 5932 (1998).
[7] Li, T. & Deng, F. G. Heralded high-efficiency quantum repeater with atomic ensembles assisted by faithful single-photon
transmission. Sci. Rep. 5, 15610 (2015).
[8] Sheng, Y. B., Zhou, L. & Long, G. L. Hybrid entanglement purification for quantum repeaters. Phys. Rev. A 88, 022302
(2013).
[9] Jeong, H. et al. Generation of hybrid entanglement of light. Nat. Photon. 8, 564-569 (2014).
[10] Morin, O. et al. Remote creation of hybrid entanglement between particle-like and wave-like optical qubits. Nat. Photon.
8, 570-574 (2014).
[11] Kwon, H. & Jeong, H. Generation of hybrid entanglement between a single-photon polarization qubit and a coherent state.
Phys. Rev. A 91, 012340 (2015).
[12] Barreiro, J. T., Langford, N. K., Peters, N. A. & Kwiat, P. G. Generation of hyperentangled photon pairs. Phys. Rev. Lett.
995, 260501 (2005).
[13] Vallone, G., Ceccarelli, R., De Martini, F. & Mataloni, P. Hyperentanglement of two photons in three degrees of freedom.
Phys. Rev. A 79, 030301(R) (2009).
[14] Ren, B. C., Du, F. F. & Deng, F. G. Two-step hyperentanglement purification with the quantum-state-joining method.
Phys. Rev. A 90, 052309 (2014).
[15] Ren, B. C. & Deng, F. G. Hyperentanglement purification and concentration assisted by diamond NV centers inside
photonic crystal cavities. Laser Phys. Lett. 10, 115201 (2013).
[16] Sheng, Y. B. & Zhou, L. Deterministic polarization entanglement purification using time-bin entanglement. Laser Phys.
Lett. 11, 085203 (2014).
[17] Munro, W. J., Harrison, K. A., Stephens, A. M., Devitt, S. J. & Nemoto, K. From quantum multiplexing to high-
performance quantum networking. Nat. Photon. 4, 792-796 (2010).
[18] Walborn, S. P., P’adua, S. & Monken, C. H. Hyperentanglement-assisted Bell-state analysis. Phys. Rev. A 68, 042313
(2003).
[19] Walborn, S. P., Souto Ribeiro, P. H., Davidovich, L., Mintert, F. & Buchleitner, A. Experimental determination of
entanglement with a single measurement. Nature 440, 1022-1024 (2006).
[20] Sheng, Y. B., Deng, F. G. & Long, G. L. Complete hyperentangled-Bell-state analysis for quantum communication. Phys.
Rev. A 82, 032318 (2010).
[21] Wang, X. L. et al. Quantum teleportation of multiple degrees of freedom of a single photon. Nature 518 516-519 (2015).
[22] Sheng, Y. B. & Zhou, L. Deterministic entanglement distillation for secure double-server blind quantum computation. Sci.
Rep. 5, 7815 (2015).
[23] Fro¨wis, F. & Du¨r, W. Stable macroscopic quantum superpositions. Phys. Rev. Lett. 106, 110402 (2011).
[24] Fro¨wis F. & Du¨r W. Stability of encoded macroscopic quantum superpositions. Phys. Rev. A 85, 052329 (2012).
[25] Kesting, F., Fro¨wis, F. & Du¨r, W. Effective noise channels for encoded quantum systems. Phys. Rev. A 88, 042305 (2013).
[26] Du¨r, W., Skotiniotis, M., Fro¨wis, F. & Kraus, B. Improved quantum metrology using quantum error correction. Phys. Rev.
Lett. 112, 080801 (2014).
[27] Ding, D., Yan, F. L. & Gao, T. Preparation of km-photon concatenated Greenberger-Horne-Zeilinger states for observing
distinctive quantum effects at macroscopic scales. J. Opt. Soc. Am. B 30, 3075-3078 (2013).
[28] He, L. Experimental realization of a concatenated Greenberger-Horne-Zeilinger state for macroscopic quantum superposi-
tions. Nat. Photon. 8, 364-368 (2014).
[29] Vaidman L. & Yoran, N. Methods for reliable teleportation. Phys. Rev. A 59, 116 (1999).
[30] Lu¨tkenhaus, N., Calsamiglia, J. & Suominen, K. A. Bell measurements for teleportation. Phys. Rev. A 59, 3295 (1999).
[31] Calsamiglia, J. Generalized measurements by linear elements. Phys. Rev. A 65, 030301(R) (2002).
[32] Grice, W. P. Arbitrarily complete Bell-state measurement using only linear optical elements. Phys. Rev. A 84, 042331
(2011).
[33] Ewert, F. & van Loock, P. 3/4-efficient bell measurement with passive linear optics and unentangled ancillae. Phys. Rev.
Lett. 113, 140403 (2014).
[34] Wang, T. J., Lu, Y. & Long G. L. Generation and complete analysis of the hyperentangled Bell state for photons assisted
by quantum-dot spins in optical microcavities. Phys. Rev. A 86 042337 (2012).
[35] Ren, B. C., Wei, H. R., Hua, M., Li, T. & Deng, F. G. Complete hyperentangled-Bell-state analysis for photon systems
assisted by quantum-dot spins in optical microcavities. Opt. Express 20, 24664-24677 (2012).
[36] Liu, Q. & Zhang, M. Generation and complete nondestructive analysis of hyperentanglement assisted by nitrogen-vacancy
centers in resonators. Phys. Rev. A 91, 062321 (2015).
[37] Lee, S. W., Park, K., Rlaph, T. C. & Jeong, H. Nearly deterministic bell measurement for multiphoton qubits and its
application to quantum information processing. Phys. Rev. Lett. 114, 113603 (2015).
[38] Sheng, Y. B. & Zhou, L. Entanglement analysis for macroscopic Schro¨dinger’s Cat state. EPL 109, 40009 (2015).
[39] Sheng, Y. B. & Zhou, L. Two-step complete polarization logic Bell-state analysis. Sci. Rep. 5, 13453 (2015).
[40] Zhou L. & Sheng, Y. B. Complete logic Bell-state analysis assisted with photonic Faraday rotation. Phys. Rev. A 92,
042314 (2015).
[41] Pan, J. W. et al. Multiphoton entanglement and interferometry. Rev. Mod. Phys. 84, 777-838 (2012).
[42] Pan, J. W. & Zeilinger, A. Greenberger-Horne-Zeilinger-state analyzer. Phys. Rev. A 57, 2208 (1998).
[43] Huang, Y. F. et al. Experimental generation of an eight-photon Greenberger-Horne-Zeilinger state. Nat. Commun. 2, 546
(2011).
[44] Yao, X. C. et al. Observation of eight-photon entanglement. Nat. Photon. 6, 225-228 (2012).
[45] Jacobs, B. C., Pittman, T. B. & Franson, J. D. Quantum relays and noise suppression using linear optics. Phys. Rev. A
66, 052307 (2002).
[46] Pryde, G. J. et al. Measuring a photonic qubit without destroying it. Phys. Rev. Lett. 92, 190402 (2004).
[47] Hong, C. K., Ou, Z. Y. & Mandel, L. Measurement of subpicosecond time intervals between two photons by interference.
Phys. Rev. Lett. 59, 2044 (1987).
[48] Zhang, Q. et al. Experimental quantum teleportation of a two-qubit composite system. Nat. Phys. 2, 678-682 (2006).
[49] Takeoka, M., Jin, R. B. & Sasaki, M. Full analysis of multi-photon pair effects in spontaneous parametric down conversion
based photonic quantum information processing. New J. Phys. 17, 043030 (2015).
[50] Lu, C.-Y. & Pan, J.-W. Push-button photon entanglement. Nature Photon. 8, 174-176 (2014).
10
Acknowledgements
This work is supported by the National Natural Science Foundation of China (Grant Nos. 11474168 and 61401222),
the Natural Science Foundation of Jiangsu under Grant No. BK20151502, the Qing Lan Project in Jiangsu Province,
and the Priority Academic Development Program of Jiangsu Higher Education Institutions, China.
Author contributions
Y. B. S. presented the idea, L. Z. wrote the main manuscript text and prepared figures 1-4. Both authors reviewed
the manuscript.
Additional information
Competing financial interests: The authors declare no competing financial interests.
